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Abstract— suites are able to produce remarkably good ambiguity
We explore the use of binary phase-coded waveforms performance.
encoded in frequency and temporally diverse modes for The limiting factor in achieving such performance
radar detection of targets in clutter. Specificglly, in this s then in the implementation, and in particular in
paper we study the use of complementary binary phase- the extent to which separation of the returns can be

coded waveforms and compare their performance to other, achieved. The possible wavs in which separation can
more conventional, suites of waveforms. We also give an Ieved. POSSI ways in whi P :

ambiguity calculation showing the effects of time and be accomplished include the separation of the signals
frequency separation. in time or in frequency or in some combination of

these methods. For example, it is possible to take a
collection of 8 waveforms and code pairs of them on
l. INTRODUCTION two different frequency channels (in particular on the |
Complementary waveforms are transmitted in pairs and Q channels), followed by transmission of the four
radar to produce, after match-filtering, effectively perfecesulting signals on separate pulse repetition intervals.
range sidelobe performance, at least at zero DopplaH of these methods lead to only imperfect separation,
However, this disguises the fact that to achieve this levahd result in less than perfect sidelobe performance.
of performance the complementary waveforms need Moreover, bandwidth limitation required to implement
be separated in some way in order that their returns dhese discrete waveforms places an extra constraint on
separable at the transmitter. It is possible, in theory pg&rformance.
least, to use larger collections of complementary codesWe describe the various separation schemes in detail,
and to apply Doppler processing to them. Our aim is tmd compare their performance when combined with
address some of the implementational issues associddegpler processing in terms of sidelobes of the ambigu-
with the use of such waveforms. ity. The trade-off in ambiguity performance for changes
Larger complementary sets comprised of many diffein the separation methods and the amount of separation
ent waveforms, such as the Prometheus Orthonormal Betime and frequency will be explored, along with the
(PONS) and variants on it can be employed in a radeifects of bandwidth limitation.
to the extent that separation mechanisms permit. TheoWe undertake a theoretical analysis of the issues and
retical and simulation results show that such waveforperformance results that can be expected from com-
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plementary waveforms separated in time, including aThe zero frequency section of the ambiguity func-
temporal diversity mode in which many different pulseson (As(7,0)) is effectively the auto-correlation of the
are separated in time and combined using conventiomaveform with itself, and this applies equally well to
Doppler processing, and in frequency. The degree thle ambiguity of multiple waveforms. It follows that
separation in each case has a profound effect on thaveforms with good correlation properties will have
ambiguity properties of the combined waveform. To good range ambiguity (that is, at least in the range
limited extent it is possible to obtain analytic perfordirection, will approximate a ‘thumb-tack’). While no
mance measures from this analysis. single waveforms have perfect correlation properties of
We will do this by means both of an ambiguitythis kind, it is possible to find multiple waveforms of this
analysis, notably comparison of sidelobe performan&ad. In fact, the Golay property given in (8) is exactly
in regions of the range-Doppler plane of interest in ahe perfect correlation property we need.
operational scenario, and by means of simulations to
compare complementary waveforms used in temporal dit. SEPARATION SCHEMES FORMULTI-WAVEFORMS

versity mode, with other discrete phase-coded waveformsy; iii-waveform schemes involve the separate trans-
such as PN codes, Frank codes, and the P4 codession of several different waveforms in ways that

Kretschmer and Lewis. allow the corresponding returns to be separated at the
receiver before being match-filtered and added. The key
Il. AMBIGUITY OF MULTI-WAVEFORMS to the implementation of multi-waveforms is in the sep-

The radar ambiguity function (or rather its absolutaration of the returns resulting from them. Two methods
value) describes the sensitivity of a transmitted waveforatie normally studied: time separation and frequency
to targets of particular ranges and velocities. It is ttgeparation. Here we briefly review them both and give an
response of the radar system to a return from a po#malysis that shows the limitations on their performance.

target at varying range and velocity (Doppler). For the purposes of this analysis we shall consider
Suppose that we are able to transmit several wawnly pairs of waveforms, which we shall assume to be
forms complementarysee equation (8)).
s(t) = (s1(t), sa(t), ..., sn(t)) (1) Recall that theeross-correlatiorof two waveformsw

_ _ . andw, is given by
and receive them separately with no interference between

them. Then the processing of the signals will involve corTa w, () = /oo (it —7) dt, @)
matched filtering of each individual waveform and sum- ’ —0
ming the resulting signals. where * denotes complex conjugation. The auto-

The resulting ambiguity function for the multiplecorrelation ofw is its cross-correlation with itself
waveforms is then

" COITw (T) = COrTy w(T). (5)
As(T,0) = Z A, (1, 9), (2) Such an expression typifies the working of a matched
m=1 filter. The cross-ambiguityof a pair of waveformsw;

wherer denoted time ang denotes frequency. andwy is

It has been shown by several authors, and is a simple o0
consequence of Moyal's identity (see [2]) that, pro- wiws (7, 9) :/
vided the signal components, (¢) are orthogonal, the
ambiguity of a signal of total energy 1 (that is, wit

>om HSmH%g(R) = 1) satisfies

ePlwy (t)ywi(t — ) dt.  (6)
hThus
COITw, w,y (T) = Aw,,w, (T,0). (7

1 An appropriate definition of complementarity might be
E (3) that a pairw; andw, of waveforms iscomplementary

if they satis
with equality if the components have equal energy. Thus y fy

the more orthogonal and separated signals we can use, COITyy, (T) + corry, (7) = Cdp (7). (8)

the smaller il be the amblgwty. Since orthogonal (anl%[ fact, such an equation is impossible since the right
we note here that orthogonality means just that, ng: L ) .
ide must have finite (i.e., non-zero) time duration, so

that the signals are orthogonal, or near orthogonal under ,

. . . : 1at the best we can hope for is

translation) signals occur in abundance, the key issue is

one of separation. COITy, (T) + corry, (1) = CAg(7), 9)

148122 m2) =



where Aq(7) is the triangle function with height and The ambiguity ofw is then
width equal to twice the chip length. of the (digital) ~
waveforms usedC' is twice the sum of the lengths of 4 (7 ¢) = / eStw (tyw* (t — 7) dt

the two codes. This is the meaning of complementarity -

we shall use here. Throughout our dI.SCU'SSIon.S the ches _ / it (wl(t) Fwa(t — T))

will have the same length. Codes satisfying this equation 0

will be discussed in detail in section IV. (w{(t — )+ wWh(t—T — T)) dt

Whether the waveforms are separated in time or N Awk (e "

frequency (or in some other novel way), ultimately only = /OO e wi(t)wi(t —7)

one waveform is transmitted and so the basic physical 0o

limitation (see Eq.( 3) the case fd = 1) cannot be +/ ewi(t)ywy(t — 7 —T) dt

overcome. The difference is dramatic and requires some o

explanation. Of course the simple explanation is that +/ ePhwi (t — T)wao(t — T) dt

the two waveforms cannot be truly separated. Separation >

is just a convenient fiction. Nonetheless, the ambiguity +/ eyt — TYwi(t — 7 — T) dt

of multi-waveforms has significantly lower sidelobes in —00

range for operationally realistic Doppler values, giving = Aw,(7,0) + Aw, w, (T + T, ¢)

rise to the belief that there is some truth in equation (3). + 9T Ay wi (7 — T, 0) + €97 Ay, (1, 9).
3

The first point to note from this calculation is that the
ambiguity of w is not just the sum of the ambiguities
of the two waveforms. IfT" is large in the sense we

] ] have described, then the two cross termg, w, (7 +
Time separation of complementary waveformsand - ¢)+e9T Ay . (1—T, ¢) are vanishingly small for

w2 means that they are emitted sufficiently separatedesnonding to actual delays seen. Indeed this is what

in time so that the returns cannot be mistaken for ea&hused in the processing of the returned signals. The
other. In particular, the two waveforms do not OVerIanmaining terms are

in time. Of course, separation in time means much more

than this. It means that the returns from the waveform A, (1,0) + €T Ay, (1, ). (14)
that is emitted first will have become of insignificant size

before the returns from the second waveform arrive. We remark thatrue separation would replace the term

The emitted waveform is thus T by 1. The extent to which we fail to achieve that
separation is then manifest by this difference. If Doppler
processing is being used then the Doppler will be known
to within the width of a Doppler bin.

Note that the cross terms only disappear because
where it is assumed that each waveform has finitkelays of a size to cause problems do not happen in
temporal support and is defined to be zero outside of thactice without considerable attenuation of the signal
time interval. The time dela§’ of the second waveform due to thel/R* fall-off in signal strength with distance
is sufficiently large thaw(t) x wa(t +7) = 0 for all R. The missing energy under the ambiguity surface is

A. Time Separation

w(t) =wi(t) +wo(t—T), (10)

t and indeed so that really in these cross terms but does not have any practical
effect.
wit — 75) x wa(t — 7 — T) = 0, (11) To illustrate the sort of numbers involved, we assume

a PRI of 100 microsecondsT = 100ms) with the two
waveforms being transmitted on alternate pulses. As-
where 7; and 7, are the initial and final delays of thesume too that the waveform length is small (arount).

returning waveforms. Thus If the targets are moving ground targets (of velodity
meters per second), and the radar is operating at X-band
10 o
T>r—mi+L (12) (10*° Hz), the value of the Doppler shift will be close

to 300Hz and the difference

whereL is the time extent of the waveforms. T — 1 (15)



will be around0.03. This remains significant, but it mustfrequencyf,. Targets with velocities capable of produc-

be borne in mind that this will be reduced by Doppleng a Doppler shift ofl00MHz at X-band would have

processing. to be traveling in excess dfo® meters per second, and
so are not operationally realistic.

B. Frequency Separation

Here we consider the scheme of modulating the two IV. COMPLEMENTARY WAVEFORMS

waveforms onto slightly different carriers. There could We will briefl . h h ical f lati

be issues here concerned with the target's reflectivity e}t € WII ne ty revtlew the Irlnat eén?tlca ormu de}tlon

different frequencies, but for the purposes of this gif! compiementary temporaly and Irequency diverse
veforms in this section. For temporally diverse wave-

cussion we assume that for the kind of frequency shi hek-th PRI in thei-th f h i
contemplated there is insignificant change in reflectivit rms, at the (E) . n t ez.-t requency channe
The waveformw to be modulated onto the carrier is, i€ waveformp,“(t) is transmitted. Suppose we have
this case. of the form a single, point target at a distance (time delay)rof
’ 4 with a Doppler shift of f;. Each return pulse is cor-
w(t) = wi(t) + €/ wo(t), (16) related against a copy of itself (standard pulse compres-
where £, is the frequency separation used to perm%ﬂ'on/matched fiItering). We briefly point out that in order
separation of returns. Note that in order that this seB)- understa_nd t_he 'maging effects of the_ use of these
veforms in this way, it is enough to consider the effect

aration can be achieved on receipt of the signal, e int t ¢ of this t Th Doboler i
frequencyf, should be larger than the bandwidth of th@" @ Point target ot this type. The range-Doppler image
a scene resulting from such a waveform collection is

waveforms in question. Phase coded digital waveforms, wod ional luti f1h tal ith
in principal, have infinite bandwidth since they requir € two-dimensional convolution ot the actual scene wi

instantaneous switching of phase. However, this is n £ result for a point target. The goal of this work is to

achievable and the waveforms will inevitably suffer som%onStrUCt sets of waveforms;(t) such that

low-pass filtering by the processing. M
Now we perform the ambiguity calculation for the Zq(i)(u,t) = ¢100(u, t), (19)
waveformw of equation (16). i=1
Ay (7, ¢) = /OO W ()W (t — 7) dt where ¢(u,t) is a discreet Fourier transform of;(t)
—c0 in k-th variable,d, is the delta function and, is some
_ < st ift constant. Waveforms that satisfy (19) would provide per-
/OO ¢ (Wl(t) te WQ(t)) fect sidelobes in range and Doppler, up to the resolution
(Wik(t )+ e—ifs(t—q-)w;(t _ T)) dt imposed by the system. An additional desirable feature
, of such waveforms is that
= AWl (T7 ¢> + e’LfS7—‘4W1,W2 (7_7 ¢ - fs)
+ A (7,6 = o) + €17 A (7,0). GIETCR AN (20)
(17)

Frequency separation again kills the cross terms modi{berecz is some constant.
the bandwidth issues just mentioned, and we are left with

A (T, 0) = Aw, (1, 0) + €T Ay, (1, 0). (18) A. Two Dimensional Constant Amplitude Waveforms

The situation here is precisely dual to the time-separationin this section we describe a method for constructing
case. Here the delayrather than the Doppler is the unwaveforms that, in theory, provide a perfect “thumbtack”
known in the exponential term that prevents the achievie-range-Doppler space (subject to resolution limitations)
ment of the perfect “separation ambiguityly, (7,¢) = and which have constant amplitude. These waveforms
Aw, (T,0) + Aw, (7, ¢). If the separation i900MHz, a are based on PONS waveforms [1]. This construction
delay of aroundl00 nanoseconds can be significant. Weechnique generates sets of complementary waveforms
note here that there are implementation issues that nadtere each row is the complement of the adjacent row.
further work to align the phases. We will return to thighe temporally diverse waveforms are just obtained from
topic in a a future paper. the full PONS matrix or certain sub-matrices of it.

Note that here, as in the time-separation case, theNe recall the symmetric PONS construction [1]. It
“missing energy” in the ambiguity is again in the crosstarts from any pair of complementary sequenegesand
terms but at Doppler frequencies close to the separatien, of length N, and obtains four vectors of lengghiVv



by means of the recursion wherePé?rm is the matrixP”® with the rows permuted.
Equation (30) is equivalent to taking the Fourier trans-

¥1 _vzj form along the rows of the PONS matrix, i.e. in the
W1 w 2 (21) index. By construction, the sum of the Fourier transform

‘52 Wl of a PONS waveform and its complement is a constant,
- 1

therefore (19) holds.

This construction techniqgue generates sets of compleThe default method of construction of these wave-

mentary waveforms where each row is the complemeéiokms generates waveforms that have the same number

of the adjacent row. of PRIs as chips in each pulse. However, this is not a
The temporally diverse waveforms are just obtainadquirement. Provided the number of PRIs is a power

from the full PONS matrix or certain submatrices of itof two, the number of PRIs can be reduced. In other

We begin the PONS recursion with the vectors words, the sets of waveforms for each frequency channel
w1 1 1 can be given byp,(j)(t) for k = 0,...,(2" — 1) and
M=lw =11 21 (22) t=o0,...,(25—1) wherer < s.

and recursively apply the PONS construction (21) to ea%h

pair wa,,_1 and wo,,, of adjacent rows of théV,_ ; 4-Complementary PONS

PONS matrix to form the® x 25 PONS matrixiV,. The “4 complementary” waveforms are binary coded
Define theN x N matrix waveforms constructed in such way that they are com-
plementary in quartets. Their transmissions requires four
G = [gvu] (23) separate time or/and frequency channels. Assembled
where over one two or four coherent (or rather Doppler)
yprocessing intervals, they provide essentially “perfect”
I w=26s-1)+lLw=v+1s=1....5ange and doppler resolution. In this section we use 4-
gw=4q 1 v= 25(“1 =v-ls=1...,% complementary PONS in a temporal diversity mode. The
0 otherwise. (24) resulting matrix is complementary in fours. That is, the

first four rows form a complementary quartet, as do the
second four, as do any four rows numbedédt 1, 4k +
PO = W, (25) 2, 4k + 3,4177 +4 for_any k The constru_ction of_these
PO — aw, (26) wayefqrms is _descrlbed in [4]. Therg is considerable
flexibility in their construction as described there.
In other words,P(? is the PONS matrix with the odd We can construct these waveforms to form, for any
and even rows swapped. Thus, when these waveforpmsver 4 of 4, 4 matricesDj,, D3,, D3, Dj, of
are transmitted ove/ = 2 CPls each waveform issize 4¥ x 4™, where the remaining three matrices
complementary with the waveform in the adjacent PRire obtained from the first by cyclically permuting the
and also the equivalent PRI in the next CPI. adjacent rows forming complementary quartets.

As these waveforms are binary coded waveforms, (20)We use these matrices in a temporal and frequency
is obviously satisfied. To show that these waveforntiversity context by spreading them acras$requency
satisfy (19), recall that showing this holds is equivalehannels, so that theth PRI of themth channel is the
to showing that kth row of DJ,. These are individually match-filtered

2 ) and then Doppler processed.
3 ‘FQ(Z)F’
=1

Then |e'[p](€1) (t) andpgf) (t) be the2® x 2° matrices

(27)
V. SIMULATIONS

is constant, where In this section results of computer experiments are

QW = FpW), (28) given for the waveforms described in Section IV-A and
IV-B.
Therefore The simulations assume an S-band radar(3 GHz carrier
2 T 9 frequency). The PRI is assumed to be equal to 0.1
@) v @) v I . .
> ‘FQ F > ’FFP F (29) milliseconds. The chip length is 10 nanoseconds for the
=1 [

256-chip pulse, in order to keep time-scales relatively
(30) realistic.
Two figures are associated with each pulse length:

2

perm

_ N2Z ‘P(i) B



1) The first figure shows the ambiguity response to a
point target of a given velocity. The target veloc-
ities are chosen to be 0, 20, 40, 60, 80 and 100 g £ som0
meters per second. These images have a color ma &2 & 200
in dB to the max absolute value of the ambiguity. 100 1o
2) The second figure gives range sections across the
ambiguities shown in the previous figure.

In all these figures the number of PRIs in each CPI
was equal to the number of chips in each pul®s6).

For comparison these experiments were performed us
ing temporarily diverse pseudo-random (PN) waveforms,
Frank code and P4 code, all of leng?h6 chips. The * Velooty (mis) * Velootty (mis) ® Velootty (mis)
results of these experiments are represented in Fig

ures 1, 2, 3,4, 5,6, 7, 8,9, 10.
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Fig. 1. Ambiguity Function (dB) for temporally diverse constant

amplitude waveforms for various velocity targets
VI. CONCLUSION P yiarg

As can be seen from the figures that constant ampli-
tude and “4-complementary” outperform the other wave-
forms in this instance over most of the range of Dopplers
under consideration. While this is not always the case,
there are many circumstances where the complementar
codes used appropriately outperform the others becaus
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